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Comments on the internal motion of massive harm quark in the
proess of double harmonium prodution in e+e− annihilations
A. V. Berezhnoy
1, ∗
1
SINP of Mosow State University, Russia
The ross setion value of doubly harmonium prodution in e+e− annihilations
have been estimated at interation energy
√
s = 10.6 GeV. The quarkonium wave
funtion shape, as well as the non-zero value of harm quark mass, have been taken
into aount.
The reent experimental results of the BELLE and BABAR Collaborations on double
harmonium prodution in e+e− annihilations demand an essential revision of the alu-
lation tehniques based on QCD fatorization theorem. Indeed, the ross setion value of
harmonium pair prodution in e+e− annihilations estimated within standard alulation
tehnique [1℄ underestimates the experimental data by an order of magnitude [2, 3℄. The
detailed analysis has shown that one of the reasons of suh underestimation is large xed
virtualities of the intermediate quark and gluon, q2 ∼ Q2
4
(Q2 is a virtuality of the initial
photon, see Fig. 1), whih our in the standard alulations, where relative momenta of
valene quarks of harmonium are not taken into aount in the hard part of amplitude (the
so-alled δ-approximation).
Taking into aount the relative motion of valene quarks allows to derease ontraditions
between theory and experiment. Calulations of the pair quarkonium prodution in e+e−
annihilations, obtained within a light one formalism [4, 5, 6℄, are in a qualitative agreement
with the experimental data of the BELLE and BABAR Collaborations. In these works, the
δ-shaped wave funtion of quarkonium was replaed by a funtion φ(x), whih is spread
on x, where x is a momentum fration of the quarkonium arried by a valene quark in the
innite momentum frame. Thus, the longitudinal internal motion of the valene quarks
is taken into aount (see also [7℄). This spreading dereases the eetive virtuality of the
intermediate quark and gluon, and, therefore, inreases the predited ross setion value.
An analysis of doubly harmonium prodution within quark-hadron duality also leads to
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Figure 1: The leading order diagrams for the
proess e+e− → J/ψ + cc¯. Q is momentum
of the photon and q is momentum of the in-
termediate quark or gluon. The average of
q2 in the total phase spae is about several
m2c . If both cc¯-pairs are fused into harmonia
(e−e+ → J/ψ+ harmonium), then q2 ∼ Q2/4
within the δ-approximation.
Figure 2: The shape of harmonium wave fun-
tion used in [4℄ within the lightone formalism
(leading twist).
the ross setion value inrease [8℄, and allows to desribe the data.
Reently several works have appeared, in whih the internal motion eet has been esti-
mated in the framework of NRQCD [9, 10℄. The reeived v2 orretions inrease the ross
setion by a fator about 1.5− 2.5. This value is less than value ∼ 10 obtained within light-
one approximation [4, 5, 6℄. Also there is a study [11℄, where the ritial analysis of lightone
formalism has been done for the double harmonium prodution in e+e− annihilations. The
preditions obtained in this work are lose to the NRQCD estimations [9, 10℄.
In this work we study the dependene of internal motion eet from the wave funtion
shape, as well as from the c quark mass value. For this purpose we use a simple model
desribed in [12℄ instead of rigorous lightone formalism or NRQCD. Within the model
under onsideration, an amplitude of J/ψηc prodution in e
+e− annihilations is performed
3as follows:
AJ/ψηc =
∫∫
dx dy φJ/ψ(x)φηc(y)Tcc¯cc¯, (1)
where φJ/ψ(x) is a wave funtion of J/ψ, x is p+ fration of c quark inside J/ψ, φηc(y)
is a wave funtion of η, y is p+ fration of c quark inside ηc, and Tcc¯cc¯ is a hard part of
amplitude, whih desribes the proess of four harm quarks prodution. The cc¯-pairs in
Tcc¯cc¯ have quantum numbers orresponded to J/ψ and ηc states. The transverse motion of
quarks inside harmonium is negleted.
For φJ/ψ and φηc funtions one hoose the parametrization used in work [4℄ within the
lightone formalism:
φlightcone(x, v
2) = c(v2)φa(x)
[
x(1− x)
1− 4x(1− x)(1− v2)
]1−v2
, (2)
where c(v2) is a normalization oeient, φa(x) = 6x(1− x) is an asymptoti form of wave
funtion and v is a typial veloity of quark-antiquark pair inside the harmonuim. In aord
with the potential model for J/ψ and ηc mesons v
2 ≈ 0.23 [13℄.
The results of these estimations have been ompared with the preditions of the δ-
approximation (φ(x, v2) = δ(x − 1/2)) and with the predition for the ase of "tailless"
wave funtion:
φtailless(x, v
2) =


2.5 0.3 < x < 0.7
0 x < 0.3, x > 0.7
(3)
The ross-setion estimations within the model (1) for the wave funtions (2) and (3)
have been done numerially. The standard expression for δ-approximation is
σ ∼ (1− 4M
2/s)3/2
s4
, (4)
where s is the e+e− interation energy squared, and M2 is a harmonium mass.
The ratio between our alulation results and the δ-approximation are shown in Fig. 3
for dierent values of harm quark masses and wave funtion shapes. The δ-approximation
preditions are given for mc = 1.5 GeV.
The toy model under disussion do not allows to shed light on all aspets of double
harmonium prodution; nevertheless the two main features of suh proess are learly seen:
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Figure 3: The ratio between the alulation results and the δ-approximation for dierent values of
harm quark masses and wave funtion shapes as a funtion of interation energy: upper solid urve
is for mc = 1.25 GeV and the lightone wave funtion (2); lower solid urve is for mc = 1.5 GeV
and the lightone wave funtion (2); upper dashed urve is for mc = 1.25 GeV and the tailless
wave funtion (3); lower dashed urve is for mc = 1.5 GeV and the tailless wave funtion (3). The
δ-approximation preditions are given for mc = 1.5 GeV.
1. The ross setion value is very sensitive to the c quark mass value at interation
energies below 15 GeV.
2. The ross setion value depends strongly on the wave funtion behavior on the tails
(at x < 0.3 and x > 0.7).
As one an see from Fig. 3, the unertainties aused by c quark mass value are large at
energy 10.6 GeV, where Belle and BaBar data on doubly harmonium prodution have been
obtained. The ross setion value for wave funtion (2) is inreased by fator 1.9 for mc =
1.5 GeV and by fator 3 for mc = 1.25 GeV in omparison to the δ approximation. For the
5"tailless" wave funtion (3) the ross setion enhanement is about 20% for mc = 1.5 GeV.
For mc = 1.25 GeV the ross setion value is inreased by fator 1.6. Unfortunately the
tail behavior is not known with suient auray. Also it is not lear whih c quark mass
should be used to obtain the ross setion. For the δ-approximation, it should be better to
use mc = M/2 to obtain the orret meson mass. The situation is not so obvious if one takes
into aount the quark internal motion, beause this motion inreases the invariant mass
of quark-aniquark system. This a reason to hoose the  quark mass value slightly smaller
than M/2. It is worth to note, that for the massless  quarks the model under disussion
leads to the ross-setion inrease by fator 10, and, therefore, reprodue approximately the
preditions of lightone formalism.
Contrary to the double harmonium prodution in e+e− annihilation, the internal motion
an be negleted for the proess of assoiative harmonium prodution e+e− → J/ψcc¯. The
ross setion estimations for this proess have been done within the same model, as for the
double harmonium prodution:
AJ/ψcc¯ =
∫
dx φJ/ψ(x)Tcc¯cc¯. (5)
Our estimations show that the internal motion hanges the ross setion value by 5-10% in
omparison to δ-approximation [14℄. These results are in agreement with preditions in [10℄.
The dependene on c quark mass is more essential for this proess.
To summarize:
• Within the model under disussion the ross setion value for the proess e+e− →
J/ψηc at 10.6 GeV an be inreased by fator 1.2-3 depending on the  quark mass
value and the wave funtion shape.
• In the frame of this model the dependene on the wave funtion shape an be negleted
for the proess e+e− → J/ψcc¯.
• The additional theoretial studies of harmonium prodution proesses in e+e− anni-
hilations are needed.
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